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^ This paper traces the growth of the concept of a 

mathematics laboratory ana reviews recent research and developments 
in this fieldc The first section quotes several interpretations o_ 
the term and discusces some of the activities advocated by 
proponents. The second section quotes extensively from E. H. Moore 
M902) and McLennan and Dewey (1895) to show that the idea is older 
than the present influence of Piaget, Bruner,' Gattegno, etc. A 
section of quotations from more recent advocates of mathematics 
laboratories is followed by a review of research on the use of 
manipulative materials, desk- calculators, and science-linked corr 
the correlation of motivation with achievement; and the practical 
difficulties of implementing a laboratory approach m a school. The 
final sections discuss laboratory materials and the use of laboratory 
methods in teacher training. (MM) 
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About f'latheraatica Laboratories 




The concept of a mathematics laboratory has become vary 
popular in recent years. The phase has blossomed into popularity 
so fa 9 t that the variety of meanings which have been attributed 
to it all are struggling to co-exist. This paper will attempt 
to describe in detail some of th© meanings of the phrase, summarize 
the results of research relatec to mathematics laboratories, and 
list some of the recent developments which have occurred and 
are relative to the paper. 

It should be mentioned that the writer has spent the past 
few years promoting the concept of mathematics laboratories when 
working with both pre-and-in-or '’“ice teachers. While we have 
attempted to remain objective, it is natural that the selection of 
content which we deem pertinent will be affected. At times our 
biases will show, through in a blatant r-.iner. 

Various Meanings of Mathematics Laboratories 

From the literature one can gather many different interpretations 
of the meaning of a mathematics laboratory* One of the more 
Influential books to b© pufeliahad in the recant years is Freedom to 
Learn by Biggs and MacLean (1). In their forward they stater- 




i 



"The phrases active learning ( di&ccrvery aethoc 
and laboratory approach have become part of our 
educational jargon the past few years . What do these 
phrases mean? 

For children* these phrases mean an approach to 
learning that presents a wide variety of opportunities ? 
an approach that encourages them to ask questions and 
find the ©never s? an approach that faster? the use of 
physical materials? ©ra approach that gives the experience 
designed to help them analize and abstract; and an 
approach that provides a chance to develop their 
individual potential# 

For teachers, these phrases mean an opportunity 
to explore and discover new and better ways of 
teaching ma thematic a ? an opportunity t© develop an 
awareness of mathematical possibilities? and an 
opportunity to us® a highly motivated approach for 
more efficient education*. 

Another interpretation of what is meant by a mathematics 
laboratory is provided by the Nuf field Project booklet entitled 
How to Build a Pond (2) . The booklet is an account of how one 
class of 9 and 10 year old children built a duck pond for a do^en 
tiny ducklings that were given to them. In the process of building 
the pond the children studied the various raathem&tical aspects 
inherent in the project, including measurement, gx«pbing, drawing 
to scale, concepts of area and volume, and all of the arithmetic 
associated with these activities. 

Still another example is provided by the Nuffield Project 
film and booklet entitled 1 Do and I Understand (3). The film 
describee the procedure for another mathematics classroom of 9 
and 10 year olds in England. Tii« children work in small groups 
of two or three on speciSfic projects whic^i are described or 
assignment cards in the classroom. All of the projects appeared 
to begin by manipulating physical materials and abstracting 



mathematical concept *r«. the manupulation. The tasJte include 

curing «* ~p. «* «w«. ******* “ aaeuring distE " cas ' 

«,king graphs, making •**■*••. <*•««*» mark. «“’• » variety of 

. \ 

other activities" 

Still another example «f • mathematical laboratory is grayed 
in the coiaaneira Company film, -number* in Color", in which 
Caleb Cattegno la working with an entire claa. of children. Each 
of the children has a eat of Cuieenaire Rode to work with individually 
but all of the children in the classroom are working on the same 

mathematical task at th® aanse time. 

Ifs conceivable that a child sitting at. a typewriter terminal 

which is hooked to a computer assisted instructional program could be 

thought of as working in a mathematics laboratory. 

Another example of a mathematics laboratory would be kinds 
o£ eutooo measuring activities such as surveying and map -krng. 

This kind of activity has been used by teachers for many years. 

The National Oouncel of Teachers of Mathematics publi.h. d a ve..rhook 

ashling with the topic in 1947 (4). 

In 1904 the fSCTM published another yoarbo r 1 ' em-itU'i ’ — 

' ^ ^„ ics Edbcation (5). One of the major sections of this 

yearbook was entitled “ laboratory Teaching in Mathematics *. in 

tho first section, we find the .statement - 

Techniques has long boen used in public 
••Laboratory Technique <jr aP ,utics, home economics, 

schools in. such areas as scie c . <ed ^ us , 2 labcratory 

r d hn^; 8 KfteachingTf Enough touchers 

techniques « the 9 w6l] . eossider laborato. y 

teaching^ as''one of tSS emerging practices in teaching 
mathematics" • 
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In a la tea: aeetion, Myers suggested several activities 
involving both physical hx&£\ statistical s®a^i?@5ronts, repi e a anting 



datia graphically & and g<©om©£rlc model®. Beyond that the 

chapter strays into a discussion of the us© of radio, television, 
and slide preaentetions . and the use of simple ridels such os 



painted spools and flannel boards as demonstration devices, T he 
rationale for the use of such materials is given by Grossniekle: 



n It is not the manipulation of materials as such, 
but the uee of the material which vitalises instruction 
in arithmetic* Iff a child i© able to ®*ko discoveries 
and generalisation© in quantitative situations by use 
of symbol*. he should not use manipulative materials. 

On the other hand, if he cannot deal understand ingiy 
with quantitative situations by use of symbols, he 
should use objective materials to discover relationships 
among quantities* The pupil should be encouraged at ^ 
all times to operate at the highest level of abstraction 
at which he understands the work". 



Still another example of a mathematics laboratory would be 
the Encyclopedia Brittanies Workshop. (6) These material© 



present paper and pencil experiences for children in which the 
children are presented patterns. Discovering patterns is also 



the object off the work ted by It- £ m 

and Other Things (?) . In this book. Walter describes how she 
presented the ideas to children in elementary classes. Tie work 
contains a combination off manipulation of physics! matr-:^ als with 
abstracting and generalising* For example, the child* sr are 
asked io visualise what a milk carton would look like j.£ they 
cut 1 along the edgos jRd flattened it out* Then, tie actually 



cut the carton arad verified the results* 
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Because of the popularity of the phrase, the commercial 
companies are jumping onto the band wagon- A ^latently obvious 
example of this is the "mathematics laboratory* published by 
McCormick-Mathers Publishing Company. This " mathematics 
laboratory" consists of a cardboard block which contains 573 
cards with each card presenting from 6 to 40 exercises intended 
for children from grades 3-6. These cards are intended? 

"to provide adequate practice for the development 
of soeed and accuracy in mathematical computation for 
all 8 students. It :U aimed at tracking down and eliminating 
go m e of the students major difficulties with arithmetical 

operations'* • 

Ptost mathematics laboratories employ some element of self- 
selection by the student. The effects of self-selection on 
learning mathematics were studied oyer a 3-year period by 
fibeid, Fitzgerald and Snyder at the University of Michigan Lai •?« 
school from 1962-1965 (8*9,13)- At that time many of the concrete 
i«»anipulative materials which are now available were not yet 
developed. At the conclusion of the three years of study, Snyder 

drew the following conclusions * 

"Students and teachers who have been involved in 
self-aeleetion programs agree that some degree of student 
choice should be provided. While not all students are 
capable of full-time independent work, all students 
could work independently to varying degrees and, when 
self-selection was practiced to a limited extent, 
students achievement did not stop when measured by 
traditional objectives. 

While materials suitable for independent study 
are becoming available, there is a great need for more. 
Careful planning* preparation, and material selection 
will be necessary if the self- selection principle is to 
be given a thorough test". 
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g ^ina O t and H»&ja &SWL J s* «». t;\i SB a £isg^s£ata£iaa. 

Current; writers 9 «raUy the force* hohind the 

. to the work of Piaget, 

development of matheaat3.es laboratories 

getter, etc. -bile it i. true that this relatively 
recent work has done much to stimulate developments that are 
now taking place. w» can find the need, of the ideas in the 

literatvf® of several decafi®® 

one of the unr«> influential proponents of mathematics 

laboratories was *.«. »ore (11) . ^ *• Presidential address 

before the American MMtM Society in 1902, he discussed 

the state of abstract and applied mathematics, then went on to 

discuss the state of the teaching of mathematics. Xn discussing 

elementary mathematics he said. 

.The fundamental problems SS*"" 

of pure and applied ma^eMXce^^ lpare . t •applied' , 

branching implies* by ^ of correlation of 

we have to do with a « 'S^rSSlS. a central problem 

different subjects of the curr time of Herb art on. 

in the domain off pedagogy .. dal aertal solution is to 

in thi. '"Z'fSZb oT inSSrSS S»"^y arranging 
be found rathor ¥ throuahout the domain off 

srssu -m «* he 

recogni*'&d. ■ ^ 

Mould it not ©£%bsarvation and 

the grades tobe ^ |^^ oc tion so that always 

experiment and reflect ion ® x connected with 

their mathematics would he direc^-ty c ^ 

matters ° tte? this is "eing done v^>day 
response is irradiate tnat elementary schools, 

in the kindegartens ana tne oe arise with 

I understand '“A^va «frs of age. who are no 

children of nine Lncrete method of 

longer contented viWi tne » unable to 

earlier yeare aj^who^neverthel-ss^ ar ^ 

appreciate the »«e* implicitly in 

' SSttiSrKtt shb/ects of the curriculum. 
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But rather the materials and methods of the mathematics 
should ha enriched $nd vitalised, In particular, a 
grade teaches*® mast make wiser use of the foundations . 
furnished by the kindergarten. The drawing and the 
paper folding must lead on directly to a systematic 
study of intuitional geometry* including the 
construction of models and the elements* of mechanical 
drawing with simple exercises in geometrical reasoning. 

The geometry rauet b© closely connected with the 
numerical and literal arithmetic. The cross-grooved 
tables of the kindegar tan furnish an especially 
important type of connection, vis , a conventional, 
graphical depiction of any phenomena in which one 
magnitude depends upon another. Thes® tables and 
the similar crce®'- section blackboards and paper must 
enter largely into all the mathematics of the grades. 

The children are to be taught to represent, according 
» to the usual conventions # various familiar and 
interesting phenomena and to study the properties 
of the phenomena in the pictures s to know, for example, 
what concrete meaning attaches t© the fact that a 
graph curve at a certain point is going down or 
going up or is horizontal. Thus, the problem of 
percentage-interest, etc. — nave their depiction in 
straight or broken line graphs'*. 

It is interesting to compare the description of the program 
as Moore would like to see if. with some of the work represented by 
the Kuf field Foundation booklet entitled Pictorial Representations . 

Moore also referred to activities taking place at that time 
in England when he quotes * 

“Ferry is quite right in insisting that it is 
scientifically legitimate in the pedagogy of ele- 
mentary mathematics to take a large body of basal 
principles instead of a small body and to build the 
edifice upon the larger body for the earlier years, 
reserving for the later years the philosophic criticism 
of the basis itself and the reduction of the basal 

system**. 

« . 

Moore went ©n to describe his proposed program in more details 

This program of reform calls for the development 
of a thorough-going laboratory system of instruction 
in mathematics and physics# a principle purpose being 
as far as possible to develop on the part of every 
student the true spirit of research# and an appreciation 
practical as well as theoretic, of the fundamental 
methods of science* . 
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"A© th& sjorld of gfoencsnana received attention 
by the individual, the phenomena, are described both 
graphically and in terms of nun&tor and measure: the 

number and isae&aur© relatione of the phonomena enter 
fundamentally into the graphical depiction, and 
furthermore fell© graphical depiction of the phenomena 
serves powerfully to illuminate relations of number 
and measure. 'Phis is the fundamental scientific point 
of view, Here under the terms of graphical depiction 
I include representation* toy models . 

'•In the development of the individual in his relation 
to the world there i® no initial separation of science 
into constituent parts, while there is ultimately a 
branching into the many distinct sciences. The trouble- 
some problem of the closer relation of pure mathematics 
to its applications ’ can it not be solved by indirection, 
in that through the whole course of elementary 
mathematics. Including the introduction to the calculus, 
there be recognised in the organisation of the 
curriculum no distinction between the various blanches 
of pur© mathematics, and likewise no lists notion 
between pure mathematics and principle applications? 

Further, from the standpoint of pure mathematics: will 

not the twentieth century find it possible to give to 
young students during their impressionable years, in 
thoroughly concrete and captivating form, the wonderful 
new notions of the seventeenth century? 

"By way of suggestion these questions have been 
answered in the affirmative, on condition that there 
be established a thorough-going laboratory system cf 
instruction in primary schools, secondary schools, 
and junior colleges— a laboratory system involving a 
synthesis and development of the best pedagogic 
methods at present in use in mathematics and the 
physical sciences *• 

Seven years before Moore delivered his remarkable address, we 
find a description of the balance between the manipulation of 
concrete objects and the syntoolization of concepts which is necessary 
for effective learning provided for us by McLennan and Dewey (12? * 

It would toe difficult to find a more contemporary description of 
the psychological basil® of a ^atheasatics laboratory so we quote 
at lengths 
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"THE WO SSTESSpS* Things? Symbols - ~~ Th# principle 
corresponding with th© psychological lf?w~-the translation 
of the psycho! eg ic&X theory into educational practice— 
may "be moat clearly brought out by contrasting it with 
two methods of teaching $ opposed to each other, and yet 
both at variance with norma 1 psychological growth. These 
two methods consist* the one in teaching number merely 
as a set of symbols ? the other in treating it as a 
direct property of objects * The former method, that of 
symbols, is illustrated in the old-fashioned ways- -net 
yet quite obsolete— of teaching addition, subtraction, etc., 
as something to be done with "figurea" , and giving 
elaborate rules which might guide the doey to certain 
results called "answers" <> 

It is little more than a blind manipulation of number 
symbols. The child simply takes, for example, the figures 
.3 and 12, and performs certain "operations" with them, 
which are dignified by the names addition, subtraction, 
multiplication, etc®? he knows very little of what the 
figures signify* and less of the meaning of the operations. 
The second method, the simple perception or observation 
method* depends almost wholly upon physical operations 
with things. Objects of various kinds — beans, shoe-pegs, 
splints, chairs* blocks— are separated and combined in 
various ways, and true ideas of number and of numerical 
operations are supposed necessarily to arise. 

Both of these methods are vitiated by the same 
fundamental psychological error? they do not take account 
of the fact that number arises in and through the activity 
of mind in dealing with objects ® The first method leaves 
out the objects entirely, or at least makes no reflective 
and systematic use of them; it lays the emphasis on 
symbols, never shewing clearly what they symbolize, but 
leaving it to the chances of future experience to put 
some meaning into eespty abstractions. The second method 
brings in the objects* but so far as it emphasizes the 
objects to the neglect of the mental activity which uses 
them,, it also makes number meaningless; it subordinates 
thought (i.e.* mathematical abstraction) to things. 
Practically it may fo© considered an improvement on the 
first method* because it is not possible to suppress 
entirely the activity which uses the things for the 
realisation of some end? but whenever this activity is 
made incidental and not important, the method comes 
far ehor-ti of the intelligence and skill that should be 
had 2rom instruction based on psychological principles. 



io 



While the .method gf avabola is still far too 
widely used in practices,, no educationist' defends it? all 
condemn it* It i© not, then, necess ary to ct» T e 1 1 upon 
it longer than to point out in the light of the 
previous discussion why it should be condemned. it 
treats number as an Independent entity-- as something 
apart from the mental activity which produces it? the 
natural genesis and use of number are ignored, and 
as a result, the method is mechanical and artificial. 

It subordinates sense to symbol. 

The method of things— -of observing objects and 
taking vague percepts for definite numerical concepts — 
treats number as if it Were an inherent proparty of 
things in themselves, simply waiting for the mind to 
grasp it, to "abstract** it from the things. But. we 
have seen that number is in reality a mode of measuring? 
value, and that it does not belong to things in them- 
selves t but arises in the economical adaptation of things 
to some use or purpose. Number is not (psychologically) 
got from things, it is put into them. 

It is then almost equally absurd to attempt to 
teach numerical ideas and process without things, and 
to teach them simply bjr things. Numerical ideas can 
be normally acquired, and numerical operations fully 
mastered only by arrangements of things — that is, by 
certain acts of mental construction, which are aided, 
of course, by acts .of physical construction? it. is 
not the mere perception of the things which gives us 
the idea, but the employing of the things in a 
constructive wav . 

The method of symbols supposes that number arises 
wholly as a matter of abstract reasoning? the method of 
objects supposes that it arises from mere observation 
by the senses — that it is a property of things, an 
external energy just waiting for a chance to seize 
upon consciousness. In reality, it arises from constructive 
(physical) activity, from the actual use of certain 
things in reaching a certain end. This method of 
constructive use unites in itself the principles of 
both abstract reasoning and of definite sense observation . ” 

One can move back even further into the past to find the 

the beginnings of the idea of a mathematics laboratory. Xn the 

May, 1970 issue of The Arithmetic Teacher . Kristina Leeb-bundberg 

describes the original kindergartens as they developed under the 

influence of Froebel in Germany in the early 1800 ‘ s (13). The 
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kindergarten sh© described include© grids on the tobies and 
chalkboards as Moor© asked , studies cf sh&pasa., ® as *d for 

measuring vo1 uib &> eacly versions -of attribute blocks » raultibas© 
arithmetic blacks, pattern blocks, linkages, and even lattice 
boards which could be used as geoboards are today. 

Another item from the past illustrates that some teachers 
have felt a reaction to the highly rigid curriculum. In his paper 
of 1927, Austin proposed a laboratory approach to high school 
geometry. He stated# 

-■The keynote of the laboratory idea is discovery 
by means of experimentation. Pupils should be permitted 
to observe the laws of geometry operating in concrete 
form before they are required to do logical thinking ' . 

Thus, it appears that at times through th© years, there have 

been collections of voices asking for a more intuitive and less 

deductive approach to the teaching of mathematics at all levels. 

We feel the emphasis upon mathematics laboratories represents 

one of those crescendoes in response to the recent emphasis upon 

rigor and logic and the age-old emphasis upon meaningless 

manipulation. 

Present Day Voices for Math e matics Laboratories 

The literature of mathematics education at the present time 
is literally packed with discussion about mathematics laboratories. 
Two issues of The Arithmetic Teacher (Oct., 1968 and Jan., 1970) 
have had the topic as its central them®. In addition, nearly every 
issue of that journal as well as the English journal, Ma th©a^ _ ti _cs. 
Teaching , contains pertinent articles. 

O 
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in the newly published fifth edition of the laastioi-af. 

<u,mnn<iarv Mathematics (15) we finds 

“AS the name implies, the underlying idea of 
the roatheramtics £?ti^larly 

l tuSlOTWUch as measuring and drawings 
counting, sighing. |-^t.rreco^n“ n ?o m paring. 

data j and that eiarifiad through obtaining 

understanding concrete physical 

s? of st x ,rp 

ei^laa C ana distances and the mapping of small areas. 

£?t “tuSenta find such -^highly interesting 

are seen in roluLLon to actual application 

Much of the pressure to create laboratories comes from attempts 
fo provide successful programs for unsuccessful and unmotivated 
students. For example, the L.A.M.P. <— Achievement Motivational 
Project, in the Be. Moines Public Schools daacribes its intentions 

in this way Cl® ) • 

** . ' ai*5ss^ 

“?!vi“ b^en students and knowledge. 

secomdarily. a ^^tU’i.i^t^a^cal^latSrs. 

piant proioctors* filmstrips, movies, 

qverh«ad ^ devices, geoboards, solids. 

£&£££?’ ^£££4?^ ^nairSction devices, etc. 
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Since a student learns to y doing, the lab is designed to 
give him the ©bjdcts with which he can do and learn. 

Th© primary goal of th© lab approach is to change the 
student’ s attitude toward mathematics. tost students have 
become 00 embittered by habitual failure that they na.9 
mathematics and everything connected with it. There is 
little possibility of this student ^rning mathematics 
until an attitude change can be afi rt i» because 

of this goal that our approach is di: tenant. Some would 
label our approach as ’fun and games tor i I •■» sure 
th^t close examination will bring irea^s* ~ioi that 
everything in the program is oriented toward tne twin 
goals of attitude change and mathewafc^x ■ cement •■ 

In an article written for high school p ncir ils, Huffman 

examined several progra tm being developed 3e 3 I 0 * learners (17) • 

She observed i 

"The directions that projects for the slaw learner 
in mathematics share can be related to two aspects c.f the 
so-called modern mathematic® ' movement: (1) the uie 

of mathematics laboratories* with all its ramificatiDris 
including the calculators* remote terminals for computers, 
and flow-charting for problem analysis. (2) Bnphat ,s 
on the structure of the number system and the beauty 
and interest; of pattern* in it^thawatica * and inclusion 
of selected topics of number theory* intuitive geometry, 
and informal topology". 

She found moot programs for slow learners shared the following 
characteristics * 

1) a mathematics laboratory— Whether it is a 
center for the school* a formal laboratory for the use 0.1 a 
few selective classes* or a classroom laboratory* 

2) the use of calculators- to help the student 
find his pattern of error in computation and to enable 
him to get past simple computational blocks to basin 
mathematical understanding. 

3) A regulated program, with a pattern of 
activities for security but, with a change of activi ties 

to accomodate the short attention span of the slew learnen 
and the unit-e-day pattern for the satisfaction of a task 
completed and evaluated on the spot.. 

13 

o 

ERIC 



14 



41 -ilg^f&ion for reinforcement of 
basic concept©,* which may b® weak* utilising the methods 
and t^iSeTof tto more modern pregran® in mathematics 
the exploration of etrocture of the tnisher »?«*' 
experimentation and discovery of patterns anc ^ir 
utilisation. 

5 ) The use of sassy Manipulative de< 
such as fch© abacus* euisenaire rods* geoboardt.* stc. 



6) th© proper and controlled use of awes, 
puzzles* and other Motivational technique®. 

*?) Use* where possible, of remote terminals 
tied into computer® for computer aided instruction units. 

In a wore general view* the question of the relative emphaai® 

the mathematics and It® structure as opposed to the intellectual 

characteristic of the children is discussed by Travers (IB ) . 

Be feels that some of our recent efforts are misguided. 



o 
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"Another Observation to be wade about the mathematics 
laboratory movement, concerns the influence of Piaget. 

This famous psychologist's emphasis on studying the 
child's patterns of thought and the develppwentof 
ability ae the child grows, has given rise to attempts 
to devise learning experiences (such 

as the use of physical models) which mill best 
account ter pattern of tfcoo**^ -t M. 

particular developmental level. But the curriculum 
reform movement on this side of the Atlantic seems 
to have gone in quite the opposite direotioi »r* 
looking first at ttev -mathematics that is to be 
taught, and then devising learning experiences that 
are dictated by the subject matter at hand with ... 
little regard for the learning patterns of the child. 

The success of the curriculum reform Movement 
in bringing about the needsd improvement depends upon 
the extent to which the new materials ars implemented 
in eery classroom. If it ever was true that simply 
anyone* could teach the old-fashioned arithmetic* 

Sis oer thinly does »bt hold for the new ivathematics. 
the teaching profession has ccme of a ge* «)n d has met 
in the new program a challenge which demands its 
best efforts, fhe effect of teacher off tUe new 
mathematics is indeed a peo«easioiwil« 

.. ' *' V 14 
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Morris Kline ha© long been a critic of developments in 

the mathematics curriculum. In hi© pap ar entitled 'Logic vs. 
Pedagogy', he make© a strong plea for tie approach to raatherr^tics 
which is more intuitive and less rigorous (19). It is interesting 
to compare his statement with those of 3.H. Moore . 

"It is the contention of this paper the t under- 
standing is achieved intuitively and that the logical 
presentation is at beat a subordinate and supple- 
mentary aid to learning and at worst a decided obstacle. 
Intuition should fly the student to the conclusion, 
make a landing, and then perhaps call upon plodding 
logic to show the overland route to the same goal. If 
this contention Is correct, then tho intuitive approach 
should be the primary one in introducing new subject 
matter at all levels". 

Donald Cohen, who is the Madison Project representative to 
the New York City public schools, has written a book entitled 
Inquiry in Mathematics via the Geo-board (20) • In response to 
the question, 'Why use the Geo-board"? Cohen states * 

"Children enjoy learning when they are actively 
involved, when they are not always being lectured to 
or told how to do something, working with the Geo- 
board enables them to do things and discuss their 
work with their classmates i they learn from each 
other this way. 

During free play the children ©e« patterns 
which they will use in problem solving situations 
later on. A strong intuitive grasp of what area is 
should certainly precede the learning or development 
e£ formulas for finding the area within different 
quadrilaterals, for example. 

They enjoy the challenging problems which, when 
possible, are presented in such a way as to allow them 
to decide, without recourse to the teacher, whether their 
answer works. The children should be encouraged to 
find different ways off solving a problem, not necessarily 
"the teacher's method’ . They should be encouraged to 
ask questions and to asks up new problems and 
variations on other problems. Their discoveries, questions 
and results should be praised and displayed. Perhaps 
* i «* 1 board eh ** * > for the discovery of 
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It is *"tereetiag to observe that, many of physical r 3 

that have been developed for teaching mathematics in a /..•si erra . y 
setting during th@ last few years having come frc curriculun me y 
groups who were developing elementary science programs, iv 4 
Elementary Science Study for example, has produced mathema _icr 
laboratory materials which include geoblocks, mapping, pattern 
blocks, attribute games and problems, and tangrams. Apparently, 
they felt a need to develop basic mathematical concept before 
students could be successful with the science concepts in the 
elementary school. 

All of the voices regarding mathematics laboratories are not 
in full favor of them. Wilkinson is now in the process of completing 
a doctoral dissertation relating to the effects of laboratories in 
sixth grade classes (21) . Zn his discussion he relates the 
source of some of the opposition to th® use of laboratory techniques, 

"Two distinct points of view seem apparent 
regarding activity programs and laboratory methods of 
teaching mathematics. 

The Plage t~3runer point of view places primary 
emphasis on th© process of learning, the in^portance 
of discovery, and the need for laboratory experience 
in the concrete operations . 

The Sagne-Ausubel position is that the produc t 
of learning are of high importance, 1 earn ing ehou I2T 
be developed mental and highly structured, and the 
teacher- textbook method is a better teaching strategy 
than the use of laboratory type experiences when the 
objective is to have the learner become knowledgeable 
about the content in mathematics. 

He then quotes Aneubel as saying, 

"Students waste many valuable hours in the 
laboratory collecting and manipulating etnperic&l data 
which, at the very best helps them rediscover or 
o exemplify principles that the instructor could present 
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for illustrating principles when '^l7, 

or simple demonstration are perfectly adequate . 



Research, 






While we find many people in many places promoting the concept 
of mathematics laboratory, there are at this point very few 
research results which are available to guide in making decisions. 

Kieren provides the moat extensive review of the research 
literature dealing with both discovery learning, and manipulative 
learning in mathematics during the period 1964-1968 in the Review 

of Educational Ucsearch. October 1969 (22). Kieren says= 

ii ntv . a mialitiv of the actual research and its attention 

S SSSSKSSbE 'sssst 

’Sxt 

approaches to mathematics learning. 

Most of the research activity has been aimed at determining 
the effectiveness of the use of specific materials on the achieve- 
ment of children. The use of the cuiaenaire rods has been studied 
in several atudie. with mixed results. Callahan (23). Crowder (24), 
Mollis (25), hocow (26). sad *a.ca (27) all report that the use 
Of the rods promoted more learning w children while urownell (28), 
Pedon (29). and Haynes (30) report either mixed cults or no signi- 
ficant differences. Ra.sy (31) report, a negative effect from 

17 
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o* the basis Of such confusing -suits, one «« no, at 
«*. time substantiate th* advantages or disadvantages of uaxng 
Cuisenaire Rods in teaching mathematics xf the ob 3 ectxve o 
instruction is to be measured by standardised tests. 

Another popular set of material, which were developed 
the Elementary Science Study and also hy «.P. Oienes are the 
attribute blocks. These are wooden blocks which vary xn color, 
shape and sire and are intended to give children experience xn 
classifying and categorising. Xn what appears to he a care « 

Study. Lucas ,31) found that children in grade one who were 
glven ten weeks of attribute block training conserve card,, sixty 
anl conceptualise addition and subtraction better then chxldren 

without training. However, they were not so good at .omputat 

.,reh report Ellin and Corum tried to measure 
In another research report * < 

. a desk calculator on the arithmetic 

effects of the use of a deax 

achievement, the attitude toward «th~atic. . and the motivation 

toward sen achieving 

laboratory ,33). The student, xn this study wer 

high school students in Miami Springs Sr. High School. » 

. th calculator were apparent f£ OIr - e 
advantages to us ng dd in mathematics 

result, but the use of the calculator was -commend 

resu _ . v fhe experimental 

classes in spite of th. lack of results. 

end the control group, recorded gains in attitude towa 

the exper imen t 3ut. both groups also recor 
mathematics during the experiment 

xl* ^ t which 

a 108S in academic motivation dnrxng the «xpe*-me 

■ 18 . 



3 

ERIC 



19 



writers & 1 1 r ibu ■feed to negative 



factoi-s outside the mathematics 



laboratory . 

In an extensive project of teaching of mathematics through 
science by SMSG more than 12,000 (seventh, eighth, and ninth) 
grade children studied special materials written by a team of 
mathematicians, scientists, and teachers. Careful study was 
made' by Higgins of the students of 29 eighth grade mathematics 
teachers from junior high schools in Santa Clara County, 

California, as they taught a unit entitled ‘Graphing, Equations, 
and Linear Functions ' (34) . 

The five-week period immediately preceding spring vacation 
was ussd for the experimental teaching. An extensive battery 
of tests was given to the students before and after the experimental 
work. There were 853 students in the experiment. At the 
conclusion of the experiment the students were grouped in 8 
'natural* attitude groups such that all of the children in a given 
group has similar attitudes toward mathematics, it was found that 
differences in attitude patterns among groups are not reflected 
in significant differences in either ability or achievement. It 
was concluded that attitudes change clusterings are not a major 
consideration if one is concerned with mathematics achievement 
during a unit taught via physical approaches. The study found 
about of the children developing rather strong cohesive 

unfavorable attitude toward the content. At the other end they 
found 8°/ 0 of the children developing attitudes shifts favorable 
toward mathematics tout in general, most studen .s changed attitudes 
very little, some liked the unit; some liked it, but found it 
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harder s others found it easier,, but less interesting ; and e 
few' disliked it quite strongly . . Kone of these groups are 
large enough to represent a isa jor fraction* 

In Wilkinson's careful study he measured the effect of 
laboratory experiences on both the geometry achie venders t and 
th© attitude of children in 6th grade when spared v/ith 
children who wore in a regular teacher-textbook classroom 
setting (21) « Be was able to control the teacher variable 
by having each of three teachers in the gfcudy teaching one 
control class and two experimental class rooms the chi Id real 
were assigned to work the geometry material contained in 18 
shoe boxes; one each day for 18 days. They could work either 
alone or in groups of three or four, as they preferred, in 
the other experimental classrooms the children had, in addition 
to the shoe boxes, cassette tapes which gave verbal directions 
and posed verbal questions to the children. The teachers in 
each of the experimental classes were asked to use nondirective 
techniques and to serve as a resourced person asking and 
answering questions and providing direction when called upon 
to do sou Wilkinson found no differences in th© geometry 
achievement of children from the various groups,, but found that 
children from middle and slew IQ levels in the laboratory 
treatment had a greater gain in attitude toward mathematics 
than the high IQ group. Th* laboratory setting 9a<s®ned to have 
a positive effect upon the average and slower children, while 
the brighter children seemed to be “turned off” by the laboratory 
method » 
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woodby reported "the development of five omthematica laboratory 
in Cleveland in the annual report from Morel in Sept, of 1967 (35) . 

The basic purpose of the laboratory in Cleveland was to provide 
an intensive inservice training for two junior high school teachers 
in a laboratory for low achieving students in mathematics and to 
study the results of this training. A second objective was to 
develop instructional materials for use in the mathematical 
laboratory that are effective with low achievers, tn the report 
are listed ten desireable behaviors one might expect of a teacher 

in a laboratory: 

(1) The teachers asks questions that cause 
expl nation and inquiry by the student* 

(2) The teacher devises and usee tasks that 
relate to fundamental mathematical concepts &nd 

hniouea. A good example is Rosenbloom's simulated, 
computer in which the student discovers the distribute - 

principle* 

(3) The teacher us«9 materials other than 
the textbook . 

14) The teacher provides individual and small 
group activities of an exploratory nature that results 
in the student trying something P gathering data* 
analysing data, and testing conclusions * 

(5) The teacher uses cues that come from the 
student in making teacher decisions about questions 
asked or tasks assigned. 

(6) The teacher plans for and uses the basic 
strategy of student discovery. 

(?) The teacher employs the strategy of asking 
the student to make decisions on the basis of observati . 
of events. 

fa) The teacher provides situations for the 
student d %?V2S35 ?ol. in lemming, rather than 
a passive cue. 
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(9) The teacher creates a new problem or 
task that is easier .or mors familiar to the student 
when difficulty occurs, than allows the student to 
return to their original problem, 

(lO) The teacher provides the student with 

a means for determining whether an answer i s right 
or wrong, independently of the teacher or the textbook* 

The mathematics laboratory was established in David Jr. High 

School in Cleveland in 1966-67 school year. Two groups of 20 

seventh-grade students met in the laboratory for a 90-minute 

period each day. 

"The teachers received notice of thsir participation 
in the project only a short time before the project 
began. They were selected in late January by the 
administration of the Cleveland school system as 
capable teachers who were willing to try and experiment 
in laboratory-type teaching. It should be noticed 
that neither teacher was teaching mathematics in the 
manner in which she had been. One was sufficiently 
disenchanted to be considering seriously withdrawal 
from the teaching profession. Although both teachers 
had previously heard of laboratory teaching the methods 
courses, each stated the technique had only been 
rarely used in their classrooms. Thus, the teachers 
were as unfamiliar with laboratory teaching techniques 
as the students were with laboratory learning techniques. 

B ew guidelines for teacher behavior were established. 

In short, initially the teachers were in a position of 
learning laboratory teaching by the laboratory method". 

The teachers remaining teaching load wero reduced considerably 

and they were given a great deal o£ outside expert advice from a 

vsriot,^ of consultants. At the end of the year the project director 

listed these summary statements. 

(1) Organization for small group instruction 
or individualized instruction is difficult. Discipline 
was a major concern. 

( 2 ) The goals of mathematics instruction often 
get lost in the mechanics of the laboratory activity. 
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(3) gJelicf of the teach©*: in a discovery 
approach is not {sufficient to accomplish the appropriate 
behavior. Teachers will revert t.o telling, explaining, 
and showing students. There is a wide gap between 
teacher belief and teacher behavior, 

(4) The teachers expected too much of the 
materials; it was assumed that the material would provide 
the motivation . 

(5) Rewards for the teachers were different from 
their expectations. They had anticipated great increases 
in the achievement by the group as a whole. The rewards 
turned out to be unusual accomplishments by individuals 
and these were infrequent and unpredictable. 

(6) Th® teachers became more concerned with how 
students learned than with the achievement? questions 
asked by students became more important to the teacher- 
later in the semester than they were at the beginning. 

( 7 ) The teachers worked longer and more intensively 
than they did before the project. Even if they had much 
more time for preparation they stayed late and usually 

took work home to (a) organize for instruction, (b) devise 
activities and write instructions, and (c) evaluate results. 

(8) Teachers in this learning situation need 
someone to talk to. Supervisors and consultants are 
important to the teacher in this situation. 

f9) From the teacher point of view, the learning 
was more nearly guided discovery than true discovery. 

(lO) The teachers became better teachers because of 
what they learned about students learning. For example, they 
talked less and listened more at the end then they had at 
the beginning,. 

During the summer following the project the two participating 
teachers reviews by the Cleveland Public Schools to train fourteen 
additional Cleveland teachers. Ten children were brought in each 
day for an hour and a half to serve as a demonstration class working 
in a laboratory setting. After the children left, the fourteen teachers 
worked with the materials in the laboratory and discussed their 



O ible use in the classroom. 
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t-hama tic s LaboyafcQg^L^ t^ials. 

-Throughout the papas w© have discussed varieties of. materials 
as though the reader was familiar with the materials. 7.n an y 
mathematics laboratory one is likely to find some of the wore 
popular of the materials Which are currently available and seemingly 

effective. 

Two excellent bibliographies have appeared recently which 

serve as a guide to those who are interested in. obtaining material®. 
The bibliographies are by Davidson (36) and Hillman ( 37 ) . 

vfhile it should be clear that many of the materials which 
can be used in a laboratory are inexpensive and are readily 
available, more concern generally arises over those that a.t<n 
commercially available and sometimes expensive. Many items are 

available from several different sources* 

As an illustration of some of the materials one might find 
in a laboratory, below is a basic listing of materials which was 
purchased recently at one major university which was developing a 

new lab . 

20 Geoboards (a geoboard is a wooden board With ^ 
nails driven in a lattice points usually in a 5 xj 
array-* There are also circular * 

4 spinners (common spinners with multicolored areas 
underneath to use for studying probability) . 

2 Sets of Madison Project Shoebox kits (a shoebox 
contains a manipulative device and a sequence o*. 
task cards leading the student to a concept) * 

1 Set of Gfeilti— Base At* i them tic Blocks (unit cube.?- 
one dimensional strings of cubic (longs), two 
dimensional arrays of cubes (flats), ana three 
dimensional cubes of cubes (blocks) . They cu mv 
in basis 2. 3,4, 5, 6, and lO, and are used to stuty 
numeration systems ) . 
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20 Sets of - colored rods (Cuieonaiire Rods are unit 
centimeter lengths from on e to ten and each length 
a different color. Us«d for a wide; variety of 
concepts) . 

7 Equations games (A game by WFF~K-RKOOF to provide 
experience with the system of real numbers ) 

2 Sets of Mirror cards f Plane mirrors and cards 
to place the mirrors on to reproduce patterns-- 
provides experience with symmetry) .. 

3 Sets of Attribute Games and Problems (Attribute 
blacks* color cubes * people pi -sees and creature cards--- 
designed to give experience in patterns, classification 

and categorisation) • 

5 Sets of tang rams (traditional tang ram pieces which 
are triangles* squares and parallelogram- which, when 
put together* make different cenfigurati- *) . 

Davidson and Fair provide a good d 1 «ri pti on of the e s ~ ab.t i shmun 



of a laboratory in Oakhill Elementary School in Keaton, 



Ka 3 a a chu feet t s 



(38). Among the materials they describe ± r a number of other 
commercial games and items such as paper jencils* cc.k tag. 



construction paper* scissors* string* tor gee depressors , egg 
cartons, beans, sticks, etc. On one table under the heading 
"Guess How Many" were jars of peas* beans., macaroni and rice. 
A few 3tudy carrels were constructed out of Tri 11 which is 



a thick cardboard which is easy to work with. 
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Many who have been active in the d«voic>pss£nt of laboratories 
feel the greatest problem in promoting the ideas is training 
teachers to work in a laboratory netting. 

For the second consecutive summer « the Department of Mathematic a l 

Education of Teachers College, Columbia i® holding a. susrner study 
program on laboratory teaching of mathematics intended for teacher 
training personnel and for the third consecutive summex , Michigan 
State University is conducting a thre«-w«ek conference for leaders 
in elementary mathematics. A major emphasis in this program is the 
;.ae of mathematics laboratory. 

Several institutions have bu i 1 1 experience in a me. thematic® 

! afeoratory into the undergraduate teacher- training program# in 
some schools as part of a mathematics course and in. other? an 
part of a methods course. Among the institutions which already 
have such programs are Michigan State, Eastern Carolina, Georgia, 
Purdue (Calumet ) , * and Oregon State. 

There is considerable agreement that, a teacher needs to have 
the e* variance of learning in a laboratory setting if she is going 
to be effective in directing a laboratory. The ideas is expressed 
by Johnson and Kipps in the introduction of their book. Geometry 
for Teachers (39) . 

“Can teachers capture for themselvoa the excited 
enthusiasm shown by children in classes sponsored by such 
curriculum groups as the Madison Project or the Nuffield 
Project? Can a teacher raised on lectured-dr ill-homework 
classes feel and show the drama inherent in ’ 1 do and 1 
understand' activities, in peer group discussions, and in 
concept such as the concrete- iconic foundation of abstraction? 
This text focuses on these dynamic factors so that a teacher 
way learn their value from his own personal experiences and 
feelings'* . 
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appears fchat informal gaoms :.ry is best learned 
through esc^rienee wi'th physical ob; acts, 
tria 1 and ^rror comparisons an<3 fitungsj exp.U>r a to ... .* 
dCcuesion'o £ observations. «*. tentative 
mad«^ with seer© who are spissil&rxy a&a&Culi*^ » .ftn 
learning approach of this kind saphaalaej n^ and »° r<fe 
rewarding type of teacher behavior, SmaL, *.~d 

(four seems to b© an oiational else) are aea^uiing 
discovering together, Aa the teacher moves from grou*> 
to group, listening to the dialogue.- he «» 3fc 5° n J A *** 
when to ask a question, when to be sxxent, and whe--. v ■ 
withdraw altogeth^ . 'She teacuer ra&sognizes tha a 
pupil asks questions as steps in developing his t ; ank;>ng* 
Hence, only rare. y will the teacher answer a pupi* 3 quest -ox. 
Instead, he will ©aoourag® the pupil’s effort or he wih. 
ask another question if some direction is needed . 

One laboratory manual has been published which is designed 

to give teachers experience with sany - - the commercially avails. j 

Ejs-terials (40) . Ir the preface of the 

Elementary Mathematics by Fitzgerald et. al. i» stated* 

"The essence of the laboratory concept in learning 
mathematic® is the fostering off inquiry and internal ^ 
motivation to seek answers to questions. It is j 
generalization that teachers, at all levels, talk .00 
much, A laboratory instructor must be wary off Uie 
temptations to provide excessive direction for the 
student, and thus rob the student of the experiences 
of finding answers for themselves. And acme students 
will demand excessive direction, which may b© evidence 
of the lack of the use of laboratory techniques in 
schools in the past** # 

Boonstra attempted to study the effects of laboratory 
experiences on the behavior of perspective elementary teachers m 
the classroom (41). Unfortunately he was working with student 
teachers and was only able to give them two laboratory experiences 
and observe their teaching once. He had the students working 
with laboratory materials related to the concepts of function 
and mathematical relations, then asked student teachers to present 
a lesson dealing with function in their elementary classroom. 
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Boonstra concluded that .two laboratory experiences were nc . 
sufficient to ra'uso student teachers to adop '• © studies .jti ?.ter«-2 
approach t-> 5* -.aching K©? were they suff: ~.ier i to cause student 
teachers to' adopt a teaching technique in witch childre- ■.■jam 

through the us© of manipulative material. 



summary 

Schools as institutions tend to develop systems and .routines 
for carrying out their assigned tasks. Through time these create 
rigidity and stability i* the curriculum. -he teaching =>f 
mathematics has shown saany signs of these characteristic in 
the past* Mure than in ®at other subjects the raathema -~.es 
curriculum is thought of (needlessly) ae being necessarily highly 
sequenced and lock-step. 

Some fresh air was obtained by the curriculum reform movements 
of the past decade when working scientists and mathematicians 
provided an infusion of new and more appropriate content. Un- 
fortunately, the node of instruction was not changed sufficiently 
to eliminate the persistant problems which plague mathematics 

instruction. 

The widespread efforts to teach mathematics in a more 
activity-oriented approach represent an attempt to provide 
experience for individual children to enhance curiosity and 
inquiry, to provide Beaming to mathematical concepts, to make 
reasonable their applications, to build the intuitions which 
make abstractions possible, and to nurture the healthy natural 
development of intellect in children. 
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Thera is this point no empirical evidence vhich will 

» 

convince the unconvinced that mathematic;.; laboratories are the 
best way uo — coropl i oh theses sj-irs • Many have tour': cl thronc/h 
3?sper iencc; dse school as & system mcihea the impl isnsntatioi; 

ot' a laborst^r' a dii£ieu.lt task to accomplish. 

This wriri^ry however* has never seen a teacher who# after 
shifting fjronj s\ teacher -dOBii na ted • total-class approach to an 
individualised.;, activity-oriented approach,, hae chosen to shift 
back ©yain. 
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